Micromachined force gauges, like many microdevices, are subject to inevitable and inherent uncertainty in dimensional and material parameters that lead to variability in the gauge accuracy and reliability. This paper presents a methodology for the design of a micromachined force gauge under uncertainty, in which the measured force and the maximum stress in the beams in the gauge are related to five uncertain design parameters representing the dimensions of the beam, the material property and the deflection of the beam under the force being measured. A deterministic large-deflection beam model is combined with a sampling-based stochastic model to obtain the distributions of the measured force and the maximum stress corresponding to the interactive influence of the uncertainty in the five design parameters. An optimization problem is formulated to maximize the force measurement accuracy subject to a constraint on the maximum allowable stress. On the basis of the optimization results, design windows for the deflection and the force that maximize the accuracy are derived as functions of the uncertainties in the design parameters. The results provide directly usable information on the optimum geometric design of the force gauge for given uncertainties in the manufacturing and operation of the device.
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Introduction
Force measurement in micro mechanisms is important in the design and performance characterization of many microsystems, and has been the subject of much investigation [1] [2] [3] [4] [5] [6] . Most micro force gauges operate on the principle of calculating the force based on measuring the deflection of a flexible mechanism, and multiplying the deflection by a theoretically obtained deterministic spring constant to obtain the force. The deflection is measured using various methods which include direct optical measurements, deflection amplification, high magnification imaging, interferometry, and capacitive and piezoresistive sensors. Yeh and Pister [7] measured the force using the deflection of polysilicon spring gauges with estimated elastic properties. Reid et al [8] measured the force of thermal micro-actuators using amplified deflection of a cantilever beam. Arai et al [9] demonstrated force measurement methods using a Raman spectrophotometer, and Chang et al [10] used an opticalfiber interferometer for measuring the displacement. Xiong et al [11] proposed an approach for micro force measurements where the displacement is measured using capacitive sensors. Pruitt and Kenny [12] , Behrens et al [13] and Diddens et al [14] described micro force measurement methods with the applications of piezoresistive sensors. The measurement repeatability of the various methods typically only includes the experimental uncertainty associated with the deflection measurement over a series of repeated measurements. Additionally, with the available techniques for microfabrication of force gauges, process variations in manufacturing are inevitable, which manifest themselves as the variability in the force gauge dimensions and material properties, thereby rendering the spring constant uncertain [15] . Furthermore, variations from the design due to the simplifying assumptions in the force-deflection relationshipsuch as small deflection of linearly elastic, isotropic, homogeneous beams-add to the uncertainty in the force measurements which utilize such simplified models. The combined effects of the inherent, design and experimental uncertainties can cause large variability in the measured force, and have to be accounted for in the design of accurate and reliable force gauges. Wittwer et al [16] reported the sources of uncertainty and its effects on the accuracy and reliability of the force measurement. An effective process design calls for incorporation of these uncertainties into the performance modeling and optimization of the force gauge, which is the objective of this study.
The principal motivation of this study arises from the need to improve the reliability of micro force gauges by maximizing the measurement accuracy in the presence of the various sources of uncertainty. There has been little attention toward a systematic design process for microsystems that accounts for uncertainty resulting from both fabrication process variability and experimental measurement uncertainty; the aim of the study is to introduce a methodology in this regard. This study presents a design under uncertainty framework to minimize the variance of force measurement, while simultaneously limiting the probability of failure. The framework presented here consists of a stochastic model and an optimization technique [17] . An approach for design uncertainty for a MEMS device has been presented by Mawardi and Pitchumani, where the uncertainty is modeled in terms of the maximum variation in place of a stochastic model [18] . In the stochastic model, the parameters with uncertainty are represented as probability distributions which can be quantified in terms of suitable parameters of the distribution (such as the mean and the variance in the case of a Gaussian distribution). A sampling method is used to generate combinations (samples) of the input parameters from their respective distributions. A numerical model for the force gauge is used to simulate the operation of the device for each sample, and the resulting distributions of the output parameters corresponding to the samples set are used to extract the measurement variance and the probability of failure. The stochastic model serves as the basis of the optimization problem. The design variables are among the inputs to the stochastic model, while the objective function and the constraints information are obtained from the outputs of the stochastic model. The optimization problem is solved using a simplex search algorithm.
The problem specifically addressed in this paper is that of determining the optimum dimensions-the length, width and height, of the beam members of the gauge-and the deflection of the force gauge, while considering uncertainty in the dimensional parameters, deflection and Young's modulus of elasticity. The objective is to minimize the variance of force measurement, subject to constraint on the probability of failure, which is a function of the maximum stress experienced by the force gauge. A micromachined force gauge model reported in the literature [16] is adopted as the basis of the stochastic model, from which the objective function and the constraint are evaluated. The results are presented for various degrees of uncertainty in dimensional parameters, deflection measurement and Young's modulus, and provide directly applicable guidelines on the design of optimum dimensions of the force gauge for given uncertainties in the manufacturing and operation of the device.
The paper is organized as follows: the next section presents a brief review of the model of force gauge used in this study, followed by a section on the framework of the design under uncertainty. The solution to the design problems and the corresponding design charts obtained using the design under uncertainty are presented and discussed in section 4.
Modeling of a force gauge
The force gauge configuration considered in this paper consists of a symmetric array of identical beams as exemplified in figure 1. In this arrangement, the force F 0 being measured by the gauge is a function of the overall displacement d 0 experienced by the system. The individual beams act as flexural springs, and can be configured in series, parallel, or a combination of the two. Therefore, the model for the force gauge shown in figure 1 allows for a large number of gauge configurations, by varying the number of beams in parallel (N P ) and the number of sets of parallel beams in series (N S ).
In the illustration in figure 1 , there are two parallel arrays of four beams in series (N P = 2, N S = 4), which means that each array of four beams in series experiences a total force, F 0 /N P , and each individual beam deflects
times the overall beam deflection d 0 . In this specific configuration, the system is fixed at point B and the force is applied at point A (figure 1). A model of the force gauge shown in figure 1 was presented by Wittwer et al [16] and is adopted in this study. The model development from Wittwer et al [16] is briefly reviewed here, which forms the basis of the stochastic modeling presented in the next section. Figure 2 (a) illustrates the free-body diagram of two individual beams which are connected in parallel at a point where the force, F 0 /N P , is applied. The two connected beams can be modeled as a center-loaded fixed-guided beam, in which the end of one segment (on the left in figure 2(a) ) is fixed, and the other end of the segment on the right is guided such that the gradients of the deflection at the beam's ends are zero and the beam lengths are constant, and the load is applied at the center of the beam. Each individual beam can be modeled as a fixed-guided beam with the applied force F 0 /2N P , where the curvature is zero at the inflection point, as shown in figure 2(b) . Since the moment is proportional to the curvature as per the Bernoulli-Euler beam assumption [19] , the moment is zero at this inflection point. This allows the beam to be simplified as a vertically end-loaded cantilever beam with deflection δ 0 (= d 0 /2N S ), and length l 0 = L0 2 , shown in figure 2(c). For the rest of the discussion, therefore, δ 0 and l 0 are referred to simply as the deflection and the length of the beam, respectively, knowing that these follow simple relationships to the overall beam length, L 0 , and deflection, d 0 .
In general, for any given magnitude of deflection, δ 0 , the force, F 0 , and the maximum stress, S max,0 , can be calculated using an elliptic integral method [20] , which in exact form, is implicit and difficult to solve [16] . However, the force due to large-deflection can also be derived from the simple small-deflection model using an appropriate correction factor. Assuming small deflection, the force can be expressed as a linear function of the deflection as
where F L is the force based on the linearized small deflection assumption. The corresponding maximum stress, S max,L , is obtained from the beam theory as S max,L = M b · y/I , where M b is the bending moment and y is the distance from the neutral axis along the beam height. For the rectangular cross section of the beam, I = w 0 h 3 0 12-where w 0 is the beam width (out-of-paper), and h 0 is the beam height-the force, F L , measured at the tip the force gauge using the linearized, small-deflection assumption can be expressed as
where E is Young's modulus, w * = w 0 /l 0 , h * = h 0 /l 0 and δ * = δ 0 /l 0 . Since the maximum bending moment for the endloaded cantilever can be approximated as M b = F L · l 0 , and for the rectangular cross section the maximum distance from the neutral axis is y = h 0 /2, the maximum stress, S max,L , in turn, may be written as
The normalized error in the force and in the maximum stress, F and S , between the linear small-deflection solutions, F L and S max,L , and the elliptic integral solutions, F 0 and S max,0 , may be defined as
The normalized errors, F and S , can be approximated as a polynomial function of δ * . For the specific load case as shown in figure 2(c), the normalized errors are given by the following fitted function [16, 21] :
Thus, rearranging equations (3) and (4), by collecting the terms with elliptic solutions to the left-hand side, the force and the maximum stress for large deflection can be expressed as
Equations (7) and (8), with F and S given by equations (5) and (6) , are accurate for large deflection up to δ * = 0.75, where the errors for the force, F 0 , and maximum stress, S max,0 , are less than 0.03% and 0.20%, respectively [16, 21] . Equations (7) and (8) are referred to as the deterministic model, where given the deterministic values of the design variables, l 0 , w 0 , h 0 and δ 0 , as the inputs, the outputs, force and maximum stress, can directly be obtained. The deterministic model forms the basis for the design under uncertainty presented in the next section. Figure 3 . Schematic of (a) optimization under uncertainty approach, and (b) the details of the stochastic model used in this study.
Design under uncertainty
The design under uncertainty framework consists of (a) representation, quantification and sampling of the parameters under uncertainty, and (b) propagation of the uncertainties through a deterministic numerical model to shape the output parameter distributions [17] . Figure 3 (a) shows a schematic description of a sampling-based approach to design under uncertainty consisting of three main steps.
First, the parameters under uncertainty are represented by probability distribution functions which can be quantified in terms of appropriate shape parameters. Second, a sampling method is used to generate combinations of the parameters with uncertainties. The deterministic process model presented in the previous section serves as the basis for propagating the uncertainties in the input parameters to shape the output parameter distributions. The sampling method and the deterministic model together constitute a stochastic model. The third component of the approach is the optimization procedure, which solves the design problem by utilizing the stochastic model to obtain the objective function and constraint information.
In this study, the beam's dimensions, the length, width and height, are considered to be uncertain, corresponding to the fact that these parameters are greatly affected by manufacturing variability. The fabrication variability also causes a variation in the material characteristic of the beam, which renders Young's modulus E uncertain. In addition to the uncertain geometric and material parameters mentioned above, the study also considers run-to-run variations in the measurement of the beam deflection δ 0 , which arises from the inherent uncertainty in the measuring method.
Each of the input parameters under uncertainty is represented by a Gaussian distribution, which is quantified by its mean value (µ) and standard deviation (σ ). The mean, µ, assumes the deterministic value of the parameter, while the uncertainty in the parameter is proportional to the standard deviation, σ . The input distributions are sampled to form sets of input parameters (sample sets) to be used by the deterministic process simulation model. The Latin hypercube sampling (LHS) technique [22] was used to generate the samples for the stochastic simulations. LHS is a stratified sampling method in which if N number of samples are required, the distribution is divided into N intervals (strata) of equal probability, and one sample is picked randomly from each interval to generate the samples. The number of samples used in this study is determined by means of convergence analysis of the output distribution parameters, which is discussed in a later section on presentation of results.
The analytical deterministic model of the force gauge, equations (7) and (8) , is used to simulate the gauge performance for each combination of the uncertain input parameters, to shape the measured force distribution, as shown schematically in figure 3(b). It must be noted that even though the input parameter uncertainties are specified to be Gaussian distributions, the shapes of the distributions of the measured force and the maximum stress may not be Gaussian due to the nonlinearity of the analytical model. In order to quantify the variation in the measured force, an accuracy measure is defined as the standard deviation of the force distribution, σ F , normalized with respect to the deterministic measured force value, F 0 . The maximum stress distribution obtained from the stochastic simulation is used to extract a probability of failure, p f , defined as the probability of the maximum stress exceeding the yield stress value, and is derived from the cumulative probability density of the maximum stress distribution. The standard deviation of the force, σ F , and p f are the outputs of the stochastic model which will be used in the calculation of the objective function and constraint in the optimization problem discussed in the following.
The objective of the optimization is to determine the dimensions of the beam and the deflection for minimizing the normalized standard deviation of the measured force, σ * F = σ F /F 0 . Since the model of the force gauge configurations considered in this study consist of flexural beams with identical dimensions, the problem reduces to the design of a single beam under uncertainty. Thus, the other parameters in the model namely, the number of beams in parallel, N P , and that in series, N S , which are deterministic, are assumed to be N P = N S = 1 in the optimization problem. The values of N P and N S determine the nominal value of the measured force and the overall displacement of the force gauge, but do not directly affect the results of the stochastic analysis, and can therefore be determined in the final stage of the design process as illustrated later in this paper.
Since the length, width, height and deflection of the beam are considered to be uncertain, the corresponding deterministic values, denoted as l 0 , w 0 , h 0 and δ 0 , are used as the decision variables in the optimization. It should be noted that in the stochastic model, the deterministic values are taken as the mean values of the distributions representing the uncertainty, as µ l = l 0 , µ w = w 0 , µ h = h 0 and µ δ = δ 0 . However, force gauges are generally designed to operate for a range of beam deflection values, which corresponds to a range of micro forces (equation (7)). It is of practical interest, therefore, to determine the optimum length l 0,opt , width w 0,opt and height h 0,opt , of the beam for a range of deflection values 0 < δ 0 < δ 0,max of the force gauge, subject to the constraint that the probability of failure p f be less than a critical value, p f,max . The decision variables in the optimization under uncertainty are, thus, reduced to the deterministic (or mean) values of the length l 0 , width w 0 and height h 0 of the beam. The optimization problem may therefore be written mathematically as 
subject to
which is solved for several discrete values of δ 0 in the interval 0 < δ 0 < δ 0,max . From the results, the optimum value of the beam deflection, δ 0,opt can, in turn, be identified. The optimization problem was solved using the NelderMead simplex method [23] , an algorithm that performs continuous search for selecting a new point during an optimization iteration which guarantees objective function improvement. A simplex is defined as a convex hull of m + 1 vertices in an m-dimensional space, representing the m decision variables that govern the objective function evaluation. The vertices are ranked, from best to worst, based on the corresponding objective function evaluations, and the best vertex is defined as the primary vertex. Since a primary vertex represents a set of decision variables which corresponds to the lowest objective function evaluation, the finding of a new primary vertex constitutes an improvement to the objective function evaluation. The algorithm searches for a new simplex by replacing the worst vertex by a potential new primary vertex, through a set of predefined simplex movements, which include reflection, expansion and contraction. Additional details on the simplex movements in the Nelder-Mead algorithm may be found in [17, 24] .
The Nelder-Mead simplex method was designed to solve nonlinear unconstrained minimization of an objective function. Since the optimization problem in hand is one of constrained optimizations, the constraint, equation (10), is incorporated using a penalty method [25] into an augmented 
where λ is the penalty coefficient, whose value was selected to be 1000, an arbitrarily large value. If the constraint is satisfied, max(0, p f − p f,max ) evaluates to zero, since p f − p f,max is negative, and thus, does not contribute to the penalty. In this problem, the decision variables set consists of m = 3 parameters representing the deterministic values of the length, l 0 , width, w 0 and height, h 0 , of the beam. Thus, the simplex is formed in a three-dimensional space, and consisted of m + 1 = 4 vertices. The initial guess on the values of the decision variables corresponds to one of the vertices of the simplex, and the other three vertices are created by adding scaled basis unit vectors βe (n) -where β is a scaling factor, such that the hyper-surfaces of the simplex are linearly independent of each other. The stochastic model is invoked to produce force and maximum stress distributions, from which the augmented objective function values (equation (11)), corresponding to each vertex at every step of the optimization procedure, are evaluated. At the completion of the optimization algorithm-when either the maximum number of iterations of 2000 is reached or the simplex size becomes infinitesimally small (<10 −6 )-the primary vertex of the final simplex represents the optimal decision variables, and the corresponding objective function evaluation represents the minimized normalized standard deviation of the force measurement, σ * F,opt .
Results and discussion
The optimization problem under uncertainty presented in the previous section was used to identify optimal values of the design variables l 0,opt , w 0,opt and h 0,opt , corresponding to a range of beam deflection values 0 < δ 0 < δ max , which in this study corresponds to measurements obtained using an optical microscope [16] . Table 1 presents the degree of uncertainty-quantified by their respective standard deviations-in each dimensional parameter, beam deflection and Young's modulus. The dimensional uncertainty and the uncertainty in the modulus value correspond to the typical variability in the fabrication of the gauges using the MUMPs TM process [26] , as reported in the literature [27] .
As described in the previous section, the optimization is based on the stochastic model, which provides the distributions of the force and maximum stress corresponding to specified uncertainty in the beam dimensions, deflection and modulus. The fidelity of a stochastic simulation is directly linked to the accuracy of the shape and moments of the output distributions obtained from the simulations. Ideally, an infinite number, and practically, a large number of samples is required in order to obtain the true shape and moments of the output distributions. For a practical stochastic simulation, it is of interest to determine the minimum number of samples required to achieve convergence of the parameters of the output distributions to within a certain tolerance. It must be mentioned that the convergence plot changes with the initial random seed used in the LHS sampling method. However, the convergence characteristic-i.e., the number of samples beyond which the standard deviation falls within the specified convergence tolerance-was found to be practically invariant with the change in the initial random seed. The stochastic analysis presented in this section is, therefore, based on 10 000 samples. The results presented are based on the maximum allowable probability of failure, p f,max , being 0.04, which was selected following the results in [16] . It should be noted that for the methodology presented in this paper, other values of p f,max could be used as needed for specific applications, without loss of generality. The p f,max value of 0.04 is used as an example and for ease of comparison with the results in the literature [16] . In this study, the optimal solutions of σ * F,opt , are obtained for 11 beam deflection values, namely decision variables in  table 2 , which also presents the bounds for the variables within which the search was conducted. Each optimization run was repeated for ten different random initial trial solutions, and the optimum result corresponding to the minimum normalized standard deviation of the measured force, σ * F,opt , among the ten solutions, was taken to be the global optimum solution. In most cases, it was observed that the global optimum solution was reached in several of the ten trials. Note that since the problem involves only one constraint, all optimum solutions correspond to the failure probability being equal to the critical value of 0.04. simultaneous increase of the height, h 0 , and the deflection, δ 0 , causes an increase in maximum stress (equation (8)) and, in turn, the probability of failure, which is constrained at p f = 0.04. Therefore, as the deflection, δ 0 , increases, the optimum height, h 0,opt , decreases to prevent the violation of the probability of failure constraint.
The observed trend in figure 5 (b) can be attributed to the fact that in sampling-based analysis, the output variance is proportional to the ratio of the standard deviation of the uncertain input to its mean value, σ/µ, which is defined as the coefficient of variance (COV) [17] . Since the uncertainty values in the length, width and height of the beam and in the measured deflection (σ l , σ w , σ h and σ δ ) are fixed, and the mean values of the parameter distributions are considered to be the deterministic values, i.e., µ (.) = (.) 0 , maximizing l 0 , w 0 , h 0 and δ 0 would therefore correspond to minimizing the values of the coefficient of variance, σ l /l 0 , σ w /w 0 , σ h /h 0 , and σ δ /δ 0 , which, in turn, minimizes the output normalized standard deviation σ * F . The COV analysis could be used to explain the non-monotonic trend of σ * F,opt as a function of δ 0 in figure 5(a) as follows: from figure 5(b), as δ 0 increases, h 0,opt decreases; therefore, simultaneously the COV of the deflection, σ δ /δ 0 , decreases, and the COV of the height, σ h /h 0 , increases. In the interval where δ 0 < δ 0,opt , it is seen that σ * F,opt decreases, indicating that the effects of decreasing COV of deflection, σ δ /δ 0 , are more significant than the effects of increasing COV of height, σ h /h 0 . For δ 0 > δ 0,opt , σ * F,opt gradually increases as δ 0 increases, signifying that the effect of increasing σ h /h 0 outweighs that of decreasing σ δ /δ 0 in this interval. Figure 5 (a) further indicates that, for input parameters with degrees of uncertainty shown in table 1, an overall minimum optimum variance value of σ * F,opt = 0.057 is reached for the beam deflection of δ 0,opt = 10 µm. At this optimum, the beam dimensions are l 0,opt = 100 µm, w 0,opt = 20 µm, and h 0,opt = 6.18 µm, from figure 5(b). For a single beam force gauge (N P = N S = 1), the optimum values of δ 0,opt , l 0,opt , w 0,opt , and h 0,opt correspond to F 0,opt = 3487µN, based on equation (7) . The variability of the force, σ F,opt , for the optimum design is given by σ * F,opt · F 0,opt and evaluates to 199 µN. However, since force gauges are expected to measure a certain range of force, it is of interest to determine a range of beam deflection over which the gauge accuracy remains near the optimum value. Using the optimum beam dimensions listed above, the beam deflection is varied about the optimum value, δ 0,opt . On the basis of this analysis, it was found that the optimum normalized standard deviation of the measured force is within 1% of the overall optimum value of σ * F,opt = 0.057 in the deflection interval of 9.0 δ 0 11.0 µm (hatched area in figure 5 ), and within 2% of the overall optimum value in the deflection interval of 7.5 δ 0 13.0 µm (shaded area in figure 5 ). For the example of a single beam force gauge considered above, the deflection intervals suggest that the variability in the measured force is minimized for F 0 = 3487 µN, is within 1% of the optimum variance, σ * Since the optimum length, l 0,opt , that minimizes the objective function (σ * F,opt ) while satisfying the constraint (equation (10)) lies at the maximum value ( figure 5(b) ), in the remainder of this section, the beam length is considered fixed at the upper-bound value, l 0,max . The beam dimensions and beam deflection, δ 0 , will therefore be presented in normalized terms with respect to the maximum length l 0,max as w * = w 0 /l 0,max , h * = h 0 /l 0,max and δ * = δ 0 /l 0,max . The use of nondimensional parameters renders the results to be applicable for any beam length. The difference between σ * F obtained using the upper bound value of w * and that using the lower bound is found to be about 1%, which indicates that the normalized standard deviation of the measured force, σ * F , is insensitive to w * . Furthermore, since the maximum stress, S max,0 , is not a direct function of the beam width, w * (equation (8)), the uncertainty in the width, σ w , does not directly affect the constraint value of probability of failure, p f ; thus, the optimum design is insensitive to the beam width, w * . This is also consistent with the finding in [16] that the variance in the height, h 0 , and deflection, δ 0 , provides greater contribution to the variations in the measured force than the variance in the width, w 0 , and length, l 0 . Figure 6 shows the mean values of maximum stress distributions, normalized with respect to the yield stress value, S y = 1.56 GPa, for the optimum designs shown in figure 5(b) . The chain-dotted line signifies the normalized yield stress value of the material, S * y , which is equal to unity by virtue of S y being used to normalize the stress. For the optimum design, the probability of the maximum stress exceeding the yield stress value, S y , is equal to 4%, which is the constraint of the optimization, as exemplified by the maximum stress Figure 8(a) shows that the optimum variance in the measured force, σ * F,opt , decreases to a minimum value, and then increases slightly as δ * increases. The physical significance of the non-monotonic trend of σ * F,opt as a function of δ * follows that presented in the discussion of figure 5 , and it is observed that the trend is consistent for all values of deflection uncertainty. The value of σ * F,opt , however, increases as the uncertainty in the beam deflection, increases, and the increase is more pronounced for lower values of beam deflection, δ * < δ *
opt . An increase in σ * δ is equivalent to an increase in the COV of the deflection, σ * δ /δ * , and based on the discussion of figure 5 , the COV of the deflection greatly affects σ * F,opt for small deflections, δ * < δ * opt . For small δ * , the increase in σ * δ causes a significant increase in the COV of the deflection, resulting in the pronounced increase in σ * F,opt shown in figure 8(a) . The effects of increasing σ * δ on the standard deviation of the maximum stress, σ * Smax , is shown in figure 8(b) . A significant increase in σ * Smax with σ * δ is seen for small values of the beam deflection. The values of δ * opt corresponding to the minimum σ * Smax decreases, as σ * δ increases. The physical interpretation for the shift in δ * opt with increasing σ * δ is similar to that of the results in figure 7(a) . To achieve the minimum σ * F,opt , the increase in the COV of the deflection (due to increasing σ * δ ) will be countered by a decrease in the COV of the beam height through an increase in the optimum beam height. This increasing optimum beam height causes the decrease in δ * opt which corresponds to the minimum σ * Smax . Figure 9 shows the optimum normalized standard deviation of the measured force, σ * F,opt , and the standard deviation of maximum stress for various values of uncertainty, σ E , in Young's modulus, a material property of the beam. The value σ E = 7.143 GPa, listed in table 1 and used in figures 5 and 6, is obtained from [16] , based on the experimental measurement in [27] . The other values of σ E considered for the parametric study in figure 9 are one half of, double, and quadruple the base value of σ E = 7.143 GPa. Figure 9 (a) indicates that the minimized standard deviation of the measured force, σ * F,opt , increases as σ E increases; however, the normalized deflection δ * opt which corresponds to the minimum value of σ * F,opt does not change. This result is expected since the variance does not affect the optimum dimensional variables and the deflection of the beam, due to the facts that (a) the measured force and the maximum stress are linear functions of Young's modulus E (equations (7) and (8)) and (b)E is set as a constant and is not a decision variable in the optimization. The same effects are seen in figure 9(b) where the standard deviation of the maximum stress σ * Smax increases with σ E for all δ * . Figure 9 (b) also shows that, for δ * > 0.1 the standard deviation of maximum stress, σ * Smax , is insensitive to the increase in δ * for all values of σ E , and σ * Smax increases proportionally to the increasing σ E , for large values of beam deflection.
In addition to the uncertain dimensional and deflection parameters, the measured force (equation (7)) is also a function of two deterministic parameters: the number of beams in parallel, N P , and that in series, N S , which have to be determined in order to complete the design process. The number of beams in parallel, N P , can be used for integer scaling of the measured force, while since δ 0 = d0 2NS , the value of N S can be used to scale the uncertainty in the overall beam displacement, σ d , to obtain the uncertainty in the deflection of each beam, σ δ , as
Furthermore, since the optimum length is always at the upper bound of the design interval, l 0,opt = l 0,max , and since σ F is insensitive to w 0 , it is therefore appropriate to normalize the measured force with respect to variables which are insensitive to the optimization results, namely N P , E, l 0,max and w 0 . With this objective, equation (7) can be rewritten as where F * is defined as the normalized force, and can be expressed as
which is only a function of h * and δ * , the sensitive variables in the design. Using the optimum values of the normalized height, h * opt , and the normalized beam deflection, δ * opt , in equation (14) , the optimum normalized force F * opt can be determined. In turn, the corresponding value of the optimum measured force F 0,opt can be obtained from equation (13), by selecting the appropriate values for N P , E, l 0,max and w 0 , based on considerations such as overall system dimensions and cost, among others.
The discussion so far pertained to the optimization under uncertainty where the uncertainty values are given in table 1, followed by the parametric studies (results in figures 7-9) conducted by individually varying a particular uncertainty while fixing the others at the values shown in table 1. For practical applications, it is of interest to devise optimum design charts in terms of the deflection and dimensional uncertainty. With this objective, optimization under uncertainty (equations (9) and (10) The results indicate that for a given dimensional uncertainty, the standard deviation of the measured force can be reduced by decreasing the deflection uncertainty. For a given displacement measurement uncertainty, σ d , which is inherent to the measurement technique, the beam deflection uncertainty, σ δ , and its normalized value, σ * δ = σ δ /l 0,max , can be reduced by increasing the value of N S (equation (12)); however, increasing N S also increases the size of the force gauge and the overall gauge displacement.
The variation of the optimum normalized height, h * opt , as a function of normalized dimensional uncertainty is presented in figure 10(b) , where the dashed and dotted lines represent the results for the normalized deflection uncertainty values in figure 10(a) . Figure 10 The points A and B in figures 10(a) and (b) relate to a design example which will be discussed later in this paper. Figure 11 presents the intervals of the beam deflection for which the variance of the measured force, σ * F , is within 2% of the optimum values (as defined previously in figure 5 and the corresponding discussion). Figures 11(a)-(d) show the optimum deflection intervals as a function of normalized dimensional uncertainty, for increasing values of normalized beam deflection uncertainty, σ * δ . The absolute optimum values of the beam deflection, δ * opt , are represented by the dashed lines within the optimal bands in the figures. It is seen that the upper and lower bounds along with the width of the deflection band decrease as the dimensional uncertainty increases. The deflection band shifts toward higher value of δ * as σ * δ increases; the width of the intervals, however, is approximately unchanged. As an example, for the deflection uncertainty of σ * δ = 0.000 50 ( figure 11(a) ), the 2%-optimum deflection interval for σ * l = σ * w = σ * h = 0.0004 is approximately 0.03 < δ * < 0.10, while as the deflection uncertainty increases to σ * δ = 0.002 50 ( figure 11(c) ), the corresponding interval increases to 0.085 < δ * < 0.15. The increasing shift of the optimum deflection interval is seen for all values of dimensional uncertainty, σ * l = σ * w = σ * h , as σ * δ increases. The observed trends from figures 10(b) and 11 are consistent with the results presented in figure 5(b) , where the optimum deflection decreases ( figure 11 ) to compensate the increasing beam height, h * ( figure 10(b) ). The normalized force intervals corresponding to the optimum deflection intervals shown in figure 11 and optimum beam height, h * , from figure 10(b) are presented in figure 12 using equation (14) . Since the normalized force, F * , is linearly proportional to the normalized deflection, δ * , as per equation (14) , the upper bound of the band corresponds to F * obtained using the values of the upper bound of the deflection band in figure 11 and optimum height in figure 10(b) , while the lower bound of the band corresponds to F * obtained using the lower bound value of the deflection band. Figures 12(a)-(d) show that the normalized force (F * ) intervals increase as the dimensional uncertainty, σ * l = σ * w = σ * h , increases, for all values of deflection uncertainty, σ * δ . The logarithmic scale in the figures signifies that F * increases exponentially as the deflection uncertainty, σ * δ , increases ( figure 12(a)-(d) ), which indicates that the uncertainty in the deflection measurement greatly affects the minimum value of standard deviation of the force measurement, σ * F,opt , as well as the interval of the normalized force which produces minimum variation. The physical interpretation of the results shown in figure 12 is that the magnitude of the force that can be measured with minimum variability must increase as the uncertainty in the dimensional parameters and that in the deflection increases. This is intuitive, since as uncertainty increases, the variability in the force also increases, therefore the magnitude of the force being measured has to increase to maintain a minimum value of variance of the measured force, σ * F . The results presented in figures 10-12 can be used as guidelines for designing force gauges which operate in a prescribed range of force and with specified accuracy and reliability constraints. As an example, a design for a micromachined force gauge which operates in the interval of 500 < F 0 < 1000µ N with the maximum normalized variance of 6.0%, or σ * F = 0.060, is considered. The degrees of uncertainty in the dimensional parameters are given as σ l = σ w = σ h ≈ 0.05 µm, the uncertainty in the overall displacement of the gauge is σ d = 0.50 µm, and the design intervals are given in table 2. If a single beam force gauge (N P = N S = 1) is considered and the length of the beam is set at the upper bound of the design interval, l 0,max = 100 µm, the beam deflection uncertainty is σ δ = 0.25 µm per equation (12) . It follows that σ * δ = σ δ /l 0,max = 0.0025 and the normalized dimensional uncertainty, σ * l = σ l /l 0,max , σ * w = σ w /l 0,max , σ * h = σ h /l 0,max , is calculated to be 0.000 50. The combination of the dimensional and the deflection uncertainty results in the optimum standard deviation of the measured force of σ * F = 0.085 (point A in figure 10(a) ), which is greater than the specification of σ * F = 0.060. Figure 10 (a) also shows that if the normalized beam deflection uncertainty is reduced to σ * δ = 0.001 25, the design (represented by point B in figure 10(a) ) would correspond to σ * F ≈ 0.060, which is the specified value of σ * F . As per equation (12) , the reduction in σ * δ can be obtained by increasing the number of beams in series to N S = 2. It should be noted that if a lower value of σ * F is required, σ * δ can be reduced further by increasing the value of N S ; however this also increases the force gauge size.
The next step in the design is to determine the dimensions of the beams, namely their height and width. 25) , it follows that the interval of the normalized deflection for σ * l = σ * w = σ * h = 0.000 50 is 0.05 < δ * < 0.10, and from figure 12(b) the normalized force interval is 6 × 10 −6 < F * < 11 × 10 −6 . There are four parameters in the force normalization (equation (13)), namely N P , E, l 0,max and w 0 ; Young's modulus and the maximum beam length are fixed at E = 162 GPa and l 0,max = 100 µm, respectively. Since the optimum results were shown to be less sensitive to w 0 , it can be varied if necessary. Using the lowest possible value of N P = 1 and the upper bound width of w 0 = 20 µm, the measured force interval is calculated to be 1750 < F 0 < 3500 µN using equation (13) , which is about 3.5 times greater than the desired force interval. Since increasing N P would increase the force (equation (7)), and N P = 1 is already at the minimum, the only available option is to reduce the width w 0 by a factor of 3.5 to w 0 ≈ 5.7 µm, which results in the force interval of 500 < F 0 < 1008 µN. Using the sampling-based stochastic model, the corresponding variance for the design is found to be in the interval of 0.053 < σ * F < 0.055, which is below the specified maximum value. Thus, the final design of the force gauge is as follows: l 0 = 100 µm, w 0 = 5.7 µm, h 0 = 6 µm, N P = 1 and N S = 2.
Overall, the paper presented the first application of sampling-based stochastic analysis and optimization methodology to design of microsystems under uncertainty. Using the methodology, figures 10-12 can be used as design charts if other uncertainty values or other design specifications are required. For other problems in microsystem design, the paper presents a methodology to construct such design charts, which are applicable for a wide range of uncertainty values and design constraints. Further validation of the results presented in the paper could be considered for future work. Although the design application considered in this paper is the micromachined force gauge, where the model is given by simple analytical expressions, the methodology presented is readily applicable to microsystem devices whose performance is governed by more rigorous computational models.
Conclusions
A general methodology of design under uncertainty for micro force gauges consisting of parallel beams was presented, where the design parameters exhibit varying degrees of uncertainty. The methodology uses a deterministic force gauge model as the basis for the stochastic model and optimization. The objective is to determine the optimum set of design variables that minimizes the normalized standard deviation of the measured force output while simultaneously satisfying a constraint on probability of failure, for a given level of uncertainty in dimensional and deflection parameters. An important result presented in this paper is that for a force gauge with inherent dimensional and deflection parameters under uncertainty, there is a unique beam deflection, which produces measured force with minimum uncertainty while maintaining a high level of reliability. From optimization results and the parametric studies, it was found that increasing the in-plane height increases measured force variations, and increasing the beam length improves both the reliability and the accuracy of the force gauge, whereas the measured force accuracy and reliability are least sensitive to the width of the beam.
